Recently, the fractional Noether's theorem derived by G. Frederico and D.F.M. Torres in [10] was proved to be wrong by R.A.C. Ferreira and A.B. Malinowska in (see [7] ) using a counterexample and doubts are stated about the validity of other Noether's type Theorem, in particular ([9],Theorem 32). However, the counterexample does not explain why and where the proof given in [10] does not work. In this paper, we make a detailed analysis of the proof proposed by G. Frederico and D.F.M. Torres in [9] which is based on a fractional generalization of a method proposed by J. Jost and X.Li-Jost in the classical case. This method is also used in [10] . We first detail this method and then its fractional version. Several points leading to difficulties are put in evidence, in particular the definition of variational symmetries and some properties of local group of transformations in the fractional case. These difficulties arise in several generalization of the Jost's method, in particular in the discrete setting. We then derive a fractional Noether's Theorem following this strategy, correcting the initial statement of Frederico and Torres in [9] and obtaining an alternative proof of the main result of Atanackovic and al. [3] .
Introduction
In ( [9] , [10] ), G. Frederico and D.F.M. Torres have formulated a Noether's Theorem for fractional Lagrangian systems. In [7] , R.A.C. Ferreira and A.B. Malinowska give a counterexample to the main result of [10] indicating that they have doubt about ( [9] ,Theorem 32). The counterexample does not explain why the result is wrong and where the proof is not correct. In this paper, we answer these questions and moreover we give a corrected statement for the fractional Noether's theorem adapting the Frederico and Torres strategy of proof. Our discussion is made with respect to the fractional Noether's Theorem formulated in [9] but all our remarks and results applies also to [10] . We refer to [8] for the analogue of Frederico-Torres approach in the context of the Caputo fractional calculus of variations.
As we will see, these questions lead to many difficulties which are not only interesting with respect to the fractional Noether theorem, but for all the generalizations proved by some authors using the same method, in particular in the discrete case (see [4] and [2] ). Precisely, Frederico and Torres generalize a method proposed by J.Jost and X. Li-Jost in [12] in the classical case. The idea is simple. The Noether's theorem is simple to prove in the case of transformations which do not depends on time. In order to cover the case of time dependent transformation, one introduces an extended Lagrangian taking the time as a new variable and then using the Noether's theorem in the autonomous case. The scheme of proof given in [12] is not very detailed and some points are omitted. These difficulties can be easily solved in the classical case and are related to standard results. However, trying to generalize this approach in the fractional case lead to serious difficulties. Forgetting for a moment the invariance condition and only concentrating on the proof given by Frederico and Torres, several points invalidate parts of the computations made in [9] . These difficulties arise in all the generalizations of the Jost's method. However, the fractional setting is probably the worth one in solving these problems.
The plan of the paper is as follows. In Section 2, first we give some preliminary information about fractional operators and then we remind the cases of fractional Noether's theorem for Lagrangian systems invariant under the action of one parameter group without time transformation. In Section 3 we remind the definition of fractional Lagrangian systems and the definition of invariance by a special class of symmetry group of transformations used. Already in this part, we discuss particular difficulties related with the definition of invariance used in [9] . Section 4 is devoted to the method of J. and L. Jost to prove Noether's theorem. First we briefly describe the method in the classical case and explain the points which are not given in [12] and are sources of ambiguities. Finally, in Subsection 4.3, we explain how the Jost's method can be generalized in order to cover the fractional case and in Subsection 4.5 we state the fractional Noether's theorem that one obtain in this case. In Section 5.1, we give some numerical simulations supporting our results.
Reminder about fractional Lagrangian systems and invariance
We denote by C k , k ∈ N ∪ {∞}, the class of regularity of functions and let C k ([a, b], R n ) denotes the set of all functions of class C k defined on [a, b] with values in R n and a, b are two real numbers such that a < b.
2.1. Preliminaries on fractional operators. Before presenting the main idea of the paper, we introduce preliminary information about fractional operators. For a function f : [a, b] → R we define:
Definition 2.1. The left (respectively right) Riemann-Liouville fractional integral operator of order α > 0 is defined by
The fractional derivative is defined by composing the above fractional integrals and the classical derivative of integer order:
and α ∈ (0, 1] then we define
• the left and right Riemann-Liouville fractional derivative of order α:
4)
• the left and right Caputo fractional derivative of order α:
(2.6)
Note that, for every 0 < α < 1 and x ∈ AC([a, b], R n ) the above derivatives are defined almost everywhere on the interval [a, b]. Moreover we have the following relations between Caputo and Riemann-Liouville definitions:
(2.7)
Fractional Lagrangian and Euler-Lagrange equations. The function
is said to be a Lagrangian function if L is of class C 2 with respect to all its arguments. The Lagrangian function L defines a fractional Lagrangian 
2.3. The classical fractional Noether's theorem. First, we remind the classical Noether's theorem providing a conservation law for Lagrangian systems invariant under the action of one parameter group of diffeomorphisms with no transformation in time.
Precisely, let us consider the local group of transformations φ s :
In this case we have the following well known result (see [3] , [9] , [11] ). Theorem 2.2. Let L be a fractional Lagrangian functional given by (2.8) invariant under the local transformation group {φ s } s∈R , then the following equality holds for every solution of (2.9):
Even if there exists no Leibniz relation for fractional derivatives, one can deduce from the previous equality a first integral (see [11] 
holds, whereẋ means the classical derivative of x.
2.4. The Noether's theorem for Lagrangian mixing classical and fractional derivatives. In order to generalize the Jost method we need an extension of the previous results in the case where the Lagrangian depends both on the classical derivative and the fractional one. This extension is already done in [1] in the context of the Riemann-Liouville calculus of variation but extends without difficulties to the Caputo fractional calculus of variations (see [8] ). Let us consider a Lagrangian L :
, and the fractional functional
Then the critical points of L are given by the solution of the following mixed fractional Euler-Lagrange equation:
We consider the local group of transformations φ s : R n → R n , s ∈ R such that the functional L given by (2.14 
, holds for every solution of the Euler-Lagrange equation (2.15 ).
Invariance of functionals and variational symmetries
3.1. Variational symmetries. We refer to the classical book of P.J. Olver [13] for more details, in particular Chapter 4. In the following, we consider a special class of symmetry groups of differential equations called projectable or fiber-preserving (see [13] ,p.93) and given by
where {φ s } s∈R is a one parameter group of diffeomorphisms satisfying φ 0 = 1, where 1 is the identity function. The associated infinitesimal (or local) group action (see [13] ,p.51) or transformations is obtained by making a Taylor expansion of φ s around s = 0:
The transform (see [13] ,p.90) of a given function
Remark 3.1. In general, the transform of a given function is not so easy to determine explicitely (see [13] , Example 2.21, p.90-91) and one must use the implicit function theorem in order to recover the transform of x. This is precisely the reason why we restrict our attention to projectable or fiber-preserving symmetry groups.
We have the following fractional generalization of the definition of a variational symmetry group of a functional (see [13] , Definition 4.10 p.253): 
] and x is a smooth function defined over I such that its transform under φ s denoted byx is defined over
It is interesting to give an explicit formulation of this definition. Indeed, according to definition
The main point is that the explicit form of the integrand of the functional L α,a,[ta,t b ] (x) depends on a via the base point chosen for the fractional derivative. As a consequence, one must change the base point of the fractional derivative under the infinitesimal group action. This explain the change from the fractional derivative c D α a+ to c D α τa+ in the previous expression. Remark 3.3. The fractional case with time transformation is very different from the classical case but also from the autonomous fractional case. Indeed, in the classical case, the integrand does not depend on the interval due to the local character of the classical derivative. Moreover, in the autonomous fractional case, the base point is not changed and as a consequence, if x ∈ F a,α is such that c D α a+ x is well defined then ϕ 1 s •x ∈ F a,α and the fractional derivative is also well defined with the same base point.
The Frederico-Torres definition of invariance.
In [9] , Frederico and Torres use a different definition. Indeed, in this case the authors do not change the base point for the fractional derivative in the definition they use for invariance of a functional (see Definition 31 p.842 in the context of the fractional Riemann-Liouville calculus of variation in [9] and (Definition 9 in [8] ) in the context of the Caputo fractional calculus of variations):
This means that their result is restricted to the case where φ 0 s (a) = a for all s ∈ R. This case was studied in ( [3] ,Section 2.1 p.1507) and leads to a definition which is similar to [9] (see [3] , Definition 4,p.1509).
P r o o f. The first part follows from the Hadamard lemma and the second one from the group property.
2
As we will see, these conditions implies strong constraints on the type of symmetries that one can consider.
The Noether theorem and the Jost method
in the fractional case 4.1. A fractional Noether theorem. Our aim in this section is to give a new proof of the following fractional version of the Noether theorem:
be the infinitesimal generator of G. Then, the function ABOUT THE NOETHER'S THEOREM FOR FRACTIONAL ... 879
is a constant of motion on the solution of the fractional Euler-Lagrange equation (2.9) .
One can of course directly prove this theorem by differentiating the invariance relation with respect to s and taking s = 0 in the expression. Interested people will find such computations in the work of Atanackovic and al. [3] . Here, we follow a different strategy first proposed by Frederico and Torres in [9] .
Using the Euler-Lagrange equation (2.9), one can write the conservation law (4.3) as follows:
which is more useful from the computational point of view. The condition concerning the symmetry group is of course restrictive but it covers already many interesting examples like the translation in time group given by φ 0 s (t) = t + s or a more complicated one given by φ 0
where c is a constant and used in ( [9] ,Example 34,p.845). In the important case of the translation group in time, we obtain:
Assume that the Lagrangian is independent of the time variable, then the quantity
We will use this result to test our theorem using numerical simulations.
4.2.
Reminder about the classical case. In this section, we consider the case α = 1. As recalled in the introduction, the basic idea behind the Jost method is to recover the Noether theorem for general transformations from the easier one corresponding to transformations without time. In the following, we indicate some steps in this method which lead to difficulties in the fractional case.
A first step is to reduce the invariance condition of the functional to an equality which can be understood as an invariance formula for transformations without transforming time, i.e. without changing the boundaries of integration. This is easily done using a change of variables. Indeed, posing
(4.7)
During the derivation of this equality, one uses a particular feature of the classical derivative which is the chain rule property, precisely we use the relation
However, in the fractional calculus case this property of chain rule is known to be false and more difficult formula must be considered (we refer to [6] for a general discussion about the algebraic relations that one can wait generalizing the notion of derivative to continuous functions).
Introducing the extended Lagrangian defined bỹ denoted by U in the following. Indeed, over U we havẽ
As a consequence, we can rewrite equation (4.7) as The proof of the Noether theorem then follows easily from the case of transformations without changing time, which ensures that the following quantity
is a first integral over U .
A simple computation leads to the classical form of the first integral for general transformations
In order to be complete, one needs to check if the solutions x(t) of the Euler-Lagrange equations associated to L produce solutions of the form (t(τ ) = τ, x(τ )) of the Euler-Lagrange equations associated toL. Indeed, this was implicitly assumed in the previous derivation. The Euler-Lagrange equations associated toL are given by
As a consequence, a path (t(τ ) = τ, x(τ )) is a solution of the Euler-Lagrange equations associated toL if and only if
The first equation is exactly the Euler-Lagrange equation associated to L for a path x(τ ). Then, if we consider the restriction ofL over U , this first equation is always satisfied.
For the second equation, we develop the left hand side which gives d dτ
which is also always satisfied over U .
Remark 4.1. The main point is that this property comes from the specific expression of the total derivative of L( τ ). Here again, we need to use the chain rule. The same computation in the fractional case will lead some difficulties. 4.3. The fractional case. In this section, we extend the previous construction to the fractional case. We have divided the construction in several steps in order to discuss separately each of the difficulties involved.
4.3.1.
Step 1 -Construction of the extended Lagrangian. As reminded in Section 4.2, the extended Lagrangian is obtained by rewriting the second term of equation (3.4) as an integral over the same interval [t a , t b ].
The problem is to be able to give an explicit expression for c D α
We perform the change of variables v = (ϕ 0 s ) −1 (p) denoting t = (ϕ 0 s ) −1 (τ ). We then obtain:
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We have here an illustration of the difficulties which come into play by adapting the Jost method. Indeed, without any assumptions, there exists no simple relations between the quantities c D α τa+ (y • (ϕ 0 s ) −1 )(τ ) and c D α a+ (y)(t) contrary to the classical case. This is the classical chain rule problem with fractional derivatives. In order to solve this problem, we introduce a special class of symmetry groups.
First, we see that a relation between c D α τa+ (y•(ϕ 0 s ) −1 )(τ ) and c D α a+ (y)(t) can be obtained if one consider one parameter group of diffeomorphisms for a certain λ ∈ R. We then are leaded to the following class of symmetries groups: Examples of admissible groups are given for example by the translation group ϕ 0 s (t) = t + s or a scaling group defined by φ 0 s (t) = e cs t where c is a constant.
The main property of admissible groups is that a version of the chain rule property can be proved. Precisely, we have:
be an admissible group. Then, we have for 0 < α ≤ 1 and for all y ∈ AC([a, b] , R n ):
Remark 4.2. The admissibility condition coupled with the localization assumptions (3.6) and (3.7) imply strong constraints. Precisely, we have: 
Using formula (4.22) and the assumption (CR α ), we deduce that
(4.30)
The invariance condition (3.4) in Definition 3.1 then reduces to (4.29). 2
A useful consequence of the previous Lemma is the following classical but important result: This result is less evident when one is dealing with the initial definition. The previous lemma suggests to introduce the following extended Lagrangian:
Definition 4.2 (Extended Lagrangian). Let L(t, x, v) be a given admissible Lagrangian. The extended Lagrangian associated to L and denoted byL(τ, (t, x), (w, v)) is defined as follows
The Lagrangian functional associated toL and denoted byL is given byL α, [a,b] 
(4.32) Remark 4.3. It must be noted that the Lagrangian (4.32) mixes the classical and fractional derivatives even if at the beginning the fractional Lagrangian problem was only dealing with fractional derivatives. As a consequence, we reduce the complexity from the non autonomous to autonomous Lagrangian but we increase the complexity from the functional point of view dealing with multiple sort of derivatives.
The invariance of the functional L under the local symmetry group φ s can then be rewritten as the invariance ofL under an autonomous group action. Precisely, we have: 
over the set of paths τ → (t(τ ), x(τ )) satisfying t(τ ) = τ and x(τ ) is a solution of the Euler-Lagrange equation associated to L. We denote by U this set.
The restriction of the invariance relation on the set U can not be avoid as in the classical case.
Step 2 -Euler-Lagrange equations of the extended Lagrangian.
As already noted, the extended Lagrangian mixes the classical and fractional derivatives. Using formula (2.15), we deduce that the Euler-Lagrange equations associated to the functional (4.32)are given by:
(4.34)
The connection between the solutions of the initial fractional problem and those of the extended Lagrangian (4.31) are then: Lemma 4.6 (Euler-Lagrange equations for the extended Lagrangian). The Euler-Lagrange equations associated to the extended Lagrangian of L restricted to U are given by
where ( τ ) = (τ, x(τ ), c D α a+ x(τ )).
P r o o f. This follows from a simple computation. Indeed, we have
36) and
) . This concludes the proof.
We recognize the form already obtained in the classical case. The first equation of (4.35) corresponds to the classical fractional Euler-Lagrange equation (2.9) associated to the Lagrangian L. The second equation (4.35(b)) plays the same role as the energy in the classical case and is sometimes called the second Euler-Lagrange equation when α = 1. However, and this is the main difference independently of technical difficulties, this quantity is not a priori satisfied by solutions of the fractional Euler-Lagrange equation. As a consequence, the usual correspondence between the solution of extended Euler-Lagrange equations and the initial fractional Euler-Lagrange equation is not guaranteed. We will return on this condition in the following. We then have: 
Remark 4.4. This is precisely this point which is not well developed in the derivation of the Noether's theorem in [12] and which is not discussed in the paper of Frederico and Torres [9] .
However, condition (CE α ) is not a consequence of the fractional Euler-Lagrange equations for the initial Lagrangian L. We provide in the following a numerical example. 
. The corresponding Euler-Lagrange equation (2.9) for the Lagrangian L defined above has the form
The relation (CE α ) reduces to
In the classical case, with α = 1, the equation of motion has the form x(t) = x(t) and the exact solution is given by
Applying the classical Noether's Theorem 2.2 we obtain explicit constant of motion.
For the simulations, we consider the Dirichlet boundary conditions for the Euler-Lagrange equation (4.39): x(0) = (x 1 (0), x 2 (0)) = (1, 2), x(1) = (x 1 (1), x 2 (1)) = (2, 1). In order to derive the approximate behavior of the fractional boundary problem, we discretize the integral form of the Euler-Lagrange equation (more information can be found in Appendix A). Let X = (X 1 , X 2 ) denotes the approximation of the solution x = (x 1 , x 2 ). The behavior of the approximate solutions X and the simulations for Q α (X) with respect to different values of the order of derivative are presented on the Figures 1 and 2 , in the case of α = 1 and α ∈ (0, 1], respectively.
In the classical case α = 1 we obtain the following: See Figure 1 . In the fractional case, the picture is very different: See Figure 2 .
The fractional version of the second Euler-Lagrange equation is clearly not satisfied at least in full generality.
4.5.
Noether's theorem for the extended Lagrangian. In the case of extended Lagrangian the invariance condition (4.29) is a classical invariance relation for transformation groups which do not change the "time" variable. As remind in Section 2, this case was already studied by Frederico and Torres in [9] where they derive the corresponding Noether's theorem given in Theorem 2.4. Using this result, we obtain: 
over the solutions of the fractional Euler-Lagrange equations.
We are now ready to formulate the main result concerning the fractional generalization of the Jost method. 4.6. A first tentative: a weak fractional Noether's theorem. We now derive the Noether theorem which can be derived using a fractional version of the Jost method: 
be the infinitesimal generator of G. Assume also that for any solutions of the Euler-Lagrange equation we have
The proof follows from Theorem 4.2 and Lemma 4.7.
Remark 4.5. In the case of α = 1, we recover the classical Noether theorem because condition (CE 1 ) and the chain rule property are automatically satisfied and the second term in (4.43) reduces to the total derivative of ∂L ∂v · ξ.
In the case of α = 1, with no transformation in time, the one parameter group satisfies the chain rule property as φ 0 s (t) = t and ζ = 0. However, we do not recover the classical fractional Noether theorem. Indeed, there is no reasons that the solutions of the Euler-Lagrange equations satisfy the condition (CE α ) and in fact, most of the time, they do not.
Moreover, in the case of α = 1, with transformation in time, we consider as an example the special case of the translation group ϕ s (t, x) = (t + s, x), from which we conclude that ζ = 1 and ξ = 0. This group satisfies the chain rule property. Assuming that the condition (4.34(b)) given by
is satisfied, we derive as a conservation law the quantity (4.44)! These two remarks tell us that something is going wrong in the fractional generalization of the Jost method. This point is discussed and solved in the next section. 4.7. A Jost's type proof of the fractional Noether theorem. The previous tentative does not give the right answer. Where do we have made a too strong assumption in our computation ? As all the problems are clearly coming from the condition (CE α ) we must look at this condition and the reasons why we have introduced it. As we have said, the basic idea behind the Jost method is to use the autonomous version of the fractional Noether theorem. In this case, one needs to ensure that the solutions that we consider are solution of the underlying Euler-Lagrange equations attached to the extended Lagrangian. However, doing so, we clearly ask for a too strong condition. The invariance relation by itself already provide a conserved quantity over the solution of the initial fractional Euler-Lagrange equation which is provided by the following infinitesimal invariance criterion (see ( As a consequence, using the extended variational symmetries Lemma 4.5 and formula (4.45), we obtain: 
be the infinitesimal generator of G. Then, we have:
The proof follows from simple computations using formula (4.36). The functional is also invariant under a more complicated symmetry groups.
Lemma 5.1. The fractional functional associated to L α is invariant under the local group of transformations given by φ 0 s (t) = t e −cs and φ 1 s (x) = x for s ∈ R.
P r o o f. We apply the invariance criterion given by Lemma 4.3. We have L x(t), , 1 (e −cs ) α D α a+ (x)) · e −cs = L(x, D α a+ (x)) · e −cs (e −cs ) α/α = L(x, D α a+ (x)), (5.6) which concludes the proof. 2
We then can use Theorem 4.1 to obtain the following conservation law: In order to obtain approximate solution for the Euler-Lagrange equation (4.39) we convert this equation into the integral form. First let us formulate useful composition rules between fractional operators according to Definitions 2.1 and 2.2 (see [5] ):
Lemma A.1. Let α ∈ (0, 1) and x ∈ AC([a, b], R n ), then the following relations
